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ABSTRACT
Powerful current and future cosmological constraints using high precision measure-
ments of the large-scale structure of galaxies and its weak gravitational lensing effects
rely on accurate characterization of the redshift distributions of the galaxy samples
using only broadband imaging. We present a framework for constraining both the
redshift probability distributions of galaxy populations and the redshifts of their in-
dividual members. We use a hierarchical Bayesian model (HBM) which provides full
posterior distributions on those redshift probability distributions, and, for the first
time, we show how to combine survey photometry of single galaxies and the informa-
tion contained in the galaxy clustering against a well-characterized tracer population
in a robust way. One critical approximation turns the HBM into a system amenable
to efficient Gibbs sampling. We show that in the absence of photometric information,
this method reduces to commonly used clustering redshift estimators. Using a simple
model system, we show how the incorporation of clustering information with photo-
z’s tightens redshift posteriors, and can overcome biases or gaps in the coverage of
a spectroscopic prior. The method enables the full propagation of redshift uncertain-
ties into cosmological analyses, and uses all the information at hand to reduce those
uncertainties and associated potential biases.
Key words: observational cosmology, galaxy surveys, photometric redshifts
1 INTRODUCTION
Large galaxy surveys constitute a powerful probe for testing
cosmological models through the information they provide
about the large-scale structure of the Universe. There ex-
ist two main categories of surveys. Spectroscopic surveys
such as 2dF (Colless et al. 2001), the VIMOS-VLT Deep
Survey (Le Fe`vre et al. 2005), WiggleZ (Drinkwater et al.
2010), Baryon Oscillation Spectroscopic Survey (Dawson
et al. 2013) or Dark Energy Spectroscopic Instrument (DESI
Collaboration et al. 2016) supply three-dimensional informa-
tion about the galaxy distribution, but they are expensive
in time and resources. Alternatively, imaging or photomet-
ric surveys like the Sloan Digital Sky Survey (York et al.
2000), PanSTARRS (Kaiser et al. 2000), the Kilo-Degree
Survey (KiDS, de Jong et al. 2013), the Dark Energy Sur-
vey (DES, Flaugher et al. 2015), the Hyper-Suprime-Cam
survey (HSC, Miyazaki et al. 2012), or the Large Synoptic
Survey Telescope (LSST, LSST Dark Energy Science Col-
laboration 2012) are more efficient per galaxy, and enable
weak gravitational lensing measurements via galaxy shapes
? E-mail: carless@physics.upenn.edu
† E-mail: garyb@physics.upenn.edu
— but do not provide a complete 3D picture of the visible
Universe, as redshifts are estimated using only broadband
spectra of galaxies.
A critical task for cosmological inference using imag-
ing surveys is to establish the redshift distribution n(z) =
dN/dz dA of a sample of sources passing some selection cri-
terion s, since errors in the characterization of such distribu-
tions can lead to biases in the cosmological parameter esti-
mation (Huterer et al. 2006; Hildebrandt et al. 2012; Cunha
et al. 2012; Benjamin et al. 2013; Huterer et al. 2013; Bon-
nett et al. 2016; Hoyle et al. 2018). In some cases the poste-
rior distributions p(zi) of the redshifts of individual sources
are of use as well. Two forms of information commonly form
the basis of these inferences. On one hand, photometric red-
shifts compare a set of observed fluxes (or colors or other
measurable features) Fi of source i to those expected for
galaxies at various redshifts to infer the redshift of the indi-
vidual target galaxy from different techniques, broadly clas-
sified as template fitting methods (e.g. Hyperz, Bolzonella
et al. (2000); BPZ, Benitez (2000); Coe et al. (2006); LePhare,
Arnouts et al. (2002); Ilbert et al. (2006); EAZY, Brammer
et al. (2008)), and training methods (e.g. ANNz, Collister &
Lahav (2004); ArborZ, Gerdes et al. (2010); TPZ, Carrasco
Kind & Brunner (2013); SkyNet, Bonnett (2015)). Compar-
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isons of different methods have been tried in both simulated
and real data (Hildebrandt et al. 2010; Dahlen et al. 2013;
Sa´nchez et al. 2014). On the other hand, with the advent
of large-area surveys it has become practical to constrain
n(z) using clustering information based on the observed sky
positions θi of the sources. For the latter, most applications
are based on 2-point statistics of the source population with
reference to the positions of a tracer population of galaxies
having secure a priori redshift assignments (Newman 2008;
Me´nard et al. 2013; Schmidt et al. 2013). In addition, there is
typically prior information on the redshift distribution of the
population coming from a subset of galaxies in the survey,
spanning a small area of the sky, for which spectroscopic or
high-quality photometric redshifts are available. Attempts
to use both photometric and clustering constraints on the
same survey data in the presence of prior information have
been made by the KiDS (Hildebrandt et al. 2017) and DES
(Hoyle et al. 2018; Gatti et al. 2018; Davis et al. 2017; DES
Collaboration et al. 2017) surveys. The two methods have
been used together either by means of basic visual cross-
checks on the two independently derived n(z)’s, or to provide
cross-checks and joint constraints on some single summary
statistic of n(z), such as its mean.
In this work we develop and test a method to produce
a single inference for n(z) (and the zi) that intrinsically com-
bines prior, photometric, and clustering information, and in-
cludes the capability to produce samples of n(z) drawn from
the posterior distribution constrained by all the sources of
information. This method is robust to some of the practi-
cal difficulties of clustering or photometric redshifts, such as
the absence of tracers over some portion of the full angu-
lar or spectral extent of the survey, or to variation of the
selection function or measurement noise across the survey
footprint. This is achieved by extending the Bayesian hier-
archical method of Leistedt et al. (2016, LMP) to include the
presence of fluctuations δz (θ) in the density of sources at red-
shift z and sky position θ. Other changes with respect to the
LMP method include the addition of an informative prior,
and the separation of the photometric noise part of the prob-
lem from the characterization of the so-called color-redshift
relation, which we consider independently. We will demon-
strate that our method reduces to the results of the standard
2-point clustering method in the limit where the prior and
the Fi are uninformative and the clustering is weak.
The combination of clustering, photometric, and spec-
troscopic information into a single n(z) inference is advanta-
geous for two main reasons. First, it has not been clear to
date how one should combine or even check consistency be-
tween independent inferences, since each is predicting a func-
tion n(z). Second, each method on its own can have failures
that render it impossible to generate a usable inference: for
example, clustering measures can lack a tracer population
at some z ranges; spectroscopic surveys are usually highly
incomplete in some way which is biased with redshift; and
photometric inferences are often biased by errors in assumed
“truth” colors. In such circumstances an inference based on
a single technique can be so uncertain as to be worthless for
precision cosmology. But a combined inference could allow
each method to resolve the degeneracies or ameliorate the
intrinsic biases of another, and be the only route to a viable
estimate.
In Section 2 we derive the posterior probability for red-
shift information when conditioned on observed galaxy fea-
tures and positions. Section 3 derives the optimal kernel den-
sity estimator to be applied to a tracer galaxy population. In
Section 4 we outline a Gibbs sampler for the system, and a
straightforward method for inclusion of prior constraints on
n(z) derived from spectroscopic samples. We then implement
the method on a simple simulation in Section 5, demonstrat-
ing the ability of the combined inference to robustly reduce
noise and biases present in the spectroscopic or photomet-
ric information alone. Appendix A shows that our method
reproduces the results of standard clustering-z techniques in
the absence of photometric information (under some appli-
cable approximations).
2 PROBABILITIES FOR REDSHIFT
DISTRIBUTIONS
Our approach closely parallels that of LMP, with the colors
of individual galaxies i are seen as being drawn from a pool of
possible types ti, redshifts zi, and angular positions θi with
some latent intrinsic mean density n(t, z) on the sky, with
observations then yielding a noisy set of observable features
which we denote as Fi . The critical extension to the LMP
model is to consider that the galaxy densities at redshift z
vary by some factor 1+δz (θ). The tracer population used for
correlation redshifts is drawn from the same latent density
distribution (up to some bias factor). Note also an impor-
tant difference from the LMP model and notation, whereby
we define galaxy “types” by observed properties rather than
rest-frame properties. This phenotype approach will allow
us to decouple the measurement-noise part of the problem
from the color-redshift relation. Our notation will be that
the vector quantities F , t , z , and θ denote the full set of
properties of all selected galaxies, i.e. F = {F1, F2, . . . , FN }
(a summary of all the notation can be found in Table 1).
2.1 Generative model
Our fundamental assumption will be that the galaxies are
drawn from a Cox process (Cox 1955) or doubly stochas-
tic Poisson process, whereby a point set is Poisson sampled
from a latent, stochastic density field. We simplify the prob-
lem to consider that the redshift z is transformed to an in-
teger indexing a set of finite-width redshift bins, and each
bin has an independent density fluctuation field δz (θ), with
〈δzi (θ)δz j (θ)〉 = 0 for zi , zj .
We first consider a simple case in which the sky is popu-
lated with galaxies that have identical appearance on the sky
(i.e. constant F) and a mean density per unit solid angle of
n. The galaxies have intrinsic redshift distribution specified
by fz = p(z), with ∑z fz = 1. The galaxies’ spatial distribu-
tion has linear bias bz with respect to the underlying density
fluctuation δz . We also assume there is some selection func-
tion s with the probability of a galaxy being selected perhaps
depending on sky position, specified as a selection or win-
dow function p(s |θ). We will always assume that we know
nothing about the non-selected galaxies, not even that they
exist; the observed data are the positions θ and features F of
the selected sources. The selected galaxies can be considered
now as being a Poisson sampling of a density field
ρ(z, θ |n, f , b, δ) = n fz [1 + bzδz (θ)] p(s |θ). (1)
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Table 1. Summary of the notation used throughout this paper.
F galaxy set of observed features
t galaxy phenotype (or simply type)
z galaxy redshift
θ galaxy angular position in the sky
s indicator of successful detection/selection
Lit probability of measuring galaxy i with Fi given t
F, t, z, θ set of properties for all galaxies in the sample
N number of galaxies in the sample
Nt number of types
Nz number of redshifts
A effective area of the survey for source detection
n mean galaxy density per unit solid angle
n(z) mean galaxy density per unit solid angle per z
δz (θ) density fluctuation at a given z and θ
piδ density fluctuation field hyperparameters
δ set of δz (θ) for all redshifts and positions
btz linear galaxy bias for type t at redshift z
b set of btz for all types and redshifts
fzt joint type and redshift probability p(z, t)
f set of fzt for all types and redshifts
Nzt number of sources assigned to redshift z and type t
N set of Nzt for all redshifts and types
Mzt number of sources in the prior at redshift z and type t
M set of Mzt for all redshifts and types
∆z difference between the means of
estimated and true n(z)’s
Note that the last two terms describe the spatial variation
of expected detection rate due to density fluctuations and
variable observing conditions, respectively. Then the proba-
bility of selecting a set of galaxies i ∈ {1 . . . N} at positions
θ and redshifts z takes the standard Poisson form:
p(z , θ |n, f , b, δ) = exp
{
−
∫
d2θ
∑
z
ρ(z, θ)
}
N∏
i=1
ρ(zi, θi)
= exp
{
−n
∫
d2θ p(s |θ)
∑
z
fz [1 + bzδz (θ)]
}
×
N∏
i=1
p(s |θi) × n fzi
[
1 + bzi δzi (θi)
]
. (2)
Note that the normalization part of the Poisson likelihood in
the exponent contains a sum over z rather than an integral,
because we have made z a discrete variable.
Next we generalize Equation (2) to allow for variety
among galaxies. We define a phenotype of galaxy to spec-
ify its noiseless, observed appearance. In other words, all
galaxies of phenotype t observed in the same conditions are
assumed to have the same selection function p(s |t, θ) and
same probability p(F, s |t, θ) of being selected and measured
to have image features F. Following biological nomencla-
ture, the phenotype strictly describes the manifestation of
the galaxy in the image. Galaxies of identical phenotype
t could live at distinct redshifts. The typical astronomical
definition of galaxy “type” specifies rest-frame properties,
but a fixed type may have observed properties that are red-
shift dependent. Our “phenotype” reverses these, and will
allow us to use well-observed sources as a library of phe-
notypes even when knowledge of these sources’ redshifts is
imprecise. Such galaxy type definition allows us to decou-
ple the measurement-noise part of the problem from the
color-redshift relation. The latter will be informed by prior
spectroscopic observations or models, and by the clustering
information.
We will assume that we have a finite set of phenotypes
indexed by integer t. Each has a mean sky density of nt =
n ft where we place n as the total density of all detectable
galaxy phenotypes, and ft = p(t) being the fraction of the
population in each type. We have the constraint
∑
t ft = 1.
We write p(z |t) = f tz for the redshift distribution of type t,
and we will also denote
ftz ≡ p(z, t) = p(z |t)p(t) = f tz ft . (3)
Letting the bias also depend on phenotype as btz , we can
generalize Equation (1) to the expected mean density for
each phenotype t:
ρ(z, θ, t |n, f , b, δ) = n ftz
[
1 + btzδz (θ)
]
p(s |t, θ). (4)
Knowing the survey noise properties and the intrinsic (noise-
less) appearance of phenotype t, we can also determine the
likelihood p(F, s |t, θ, z) of a galaxy of phenotype t at loca-
tion θ, z being selected and measured with features F. This
function will be independent of z since the phenotype’s ob-
servables are, by definition, independent of z. Thus for each
observed galaxy i and phenotype t we can assign a fea-
ture/selection likelihood
Lit ≡ p(Fi, s |ti, θi). (5)
This function depends on the quality of the observations in
direction θi and the selection/measurement algorithms. We
will assume that this is known a priori, e.g. by the result of
injecting artificial copies of the phenotype into the images
(Suchyta et al. 2016).
We can now extend the Poisson probability (2) to in-
clude a variety of phenotypes and the probability observing
the galaxy features:
p (F, θ, t, z |n, f , b, δ) = exp
[
−n
∑
t
ft At (f t, b t, δ)
]
(6)
×
∏
i
Litn ftizi
[
1 + btizi δzi (θi)
]
.
The exponentiated quantity is, as required for Poisson dis-
tributions, the expected number of detections 〈N〉 for the
entire sample. We express this in terms of an effective sur-
vey area for each phenotype t:
At (f , b, δ) ≡
∑
z
∫
d2θ p(s |t, θ) f tz
[
1 + btzδz (θ)
]
=
∫
d2θ p(s |t, θ)
[
1 +
∑
z
f tz b
t
zδz (θ)
]
(7)
≈
∫
d2θ p(s |t, θ) (8)
which can also be determined from knowledge of the survey
properties. In the last line we make the approximation that
the density fluctuation integrated over the mask is small,∫
d2θ p(s |θ)δz (θ) = 0. In this case the At are known constants
of the survey.
The full generative model for the data must also specify
the process p(δ |piδ) generating the stochastic density fluc-
tuation fields given hyperparameters piδ,—e.g. a log-normal
MNRAS 000, 1–14 (2018)
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Figure 1. A directed acyclic graph of the hierarchical model for
the observable positions θ and features F in the galaxy catalog.
Observed quantities are shaded: only the positions θi and im-
age features (e.g. fluxes) Fi of individual sources, not types or
redshifts. Squares hold model parameters, circles are stochastic
quantities.
distribution with piδ specifying the power spectrum. We also
require priors p(b) and p(n), plus any prior information on
p(f ) aside from the constraint that ∑tz ftz = 1. Figure 1 is a
directed acyclic graph of the model for generating the galaxy
data.
2.2 Redshift inference
The principal quantity of interest is the underlying redshift
distribution
n(z) = n
∑
t
ftz . (9)
The equation can easily be altered to yield the redshift distri-
bution of chosen subsets of the phenotypes. We will usually
be concerned with the shape, not the normalization, of n(z),
so will pay little attention to n and focus on the fractions
f . We will also be interested in many cases in the proba-
bilities of the individual redshifts z , and to enable a Gibbs
sampling scheme we will keep b and t as conditional vari-
ables. Using Bayes’ theorem, the posterior joint probability
of these variables of interest is
p(f , z , b, t |F, θ, piδ) ∝
∫
dn dδ (10)
p (F, θ, t, z |n, f , b, δ) p(δ |piδ) p(n) p(f ) p(b).
The first term under the integral is given by Equa-
tion (6). We take the standard scale-free Jeffreys (logarith-
mic) prior p(n) on the overall density n. Marginalization over
n then yields:
p(f , z , t, b |F, θ, piδ) ∝ p(f ) A(f )−N p(b)
∫
dδ p(δ, piδ) (11)
×
∏
i
Lit ftizi
[
1 + btizi δzi (θi)
]
A(f ) ≡
∑
zt
ftzAt . (12)
The total effective area of the survey for source detection is
A(f ), such that 〈N〉 = nA(f ).
The required marginalization of the Cox distribution
over the stochastic field(s) in Equation (11) is known to be
analytically intractable for all but the most trivial processes
p(δ |piδ). For some processes (including log-normal) there are
feasible means to sample over the joint distribution of δ
and the other parameters, at which point the marginaliza-
tion is trivial—an example of log-normal field inference from
photo-z data is Jasche & Wandelt (2012). A full treatment
of the Cox posterior would enable the clustering redshift in-
ference to make use not only of correlations between a tracer
population and the target population, but also the cluster-
ing among target populations. We will defer any attempt at
sampling δ to further work.
In this paper we will instead work with the approxi-
mation that we can replace the stochastic density fluctua-
tion δz (θ) with some determinsitc estimator δˆz (θ) of the re-
alization of the density fields in the generative probability of
Equation (6). In other words we will replace the p(δ |piδ) in
Equation (11) with a Dirac delta function enforcing δz = δˆz ,
which also renders the hyperparameters piδ as irrelevant. The
estimator δˆz will presumably come from a tracer popula-
tion; this approximation loses any information that may be
present in the clustering amongst the target population. We
will refer to this as the “deterministic density” approxima-
tion, since it yields a single set of density fields δˆz (θ) from
the observed set of tracers, ignoring the fact that the den-
sity fields remain stochastic even after the tracer population
is specified. With this simplifying approximation, the pos-
terior distribution for redshift information in Equation (11)
becomes
p(f , z , t, b |F, θ) ∝ p(f ) A(f )−N
∏
i
Liti ftizi
(
1 + btizi δˆizi
)
,
(13)
δˆiz ≡ δˆz (θi). (14)
The roles of the photometric and clustering informa-
tion are clear and simple in the posterior of Equation (13).
The photometric information is in Lit , which tells how well
galaxy i resembles phenotype t (along with how likely this
is to pass selection). We may, for instance, know that our
feature vector is equal to some “truth” value Ft associ-
ated with phenotype t, with some additive noise determined
by the observing conditions in direction θi of the survey:
Lit = L(Fi − Ft |θi). Next is the term ftz, which is an expres-
sion of the prior probability that any galaxy is of phenotype
t and redshift z. Finally there is the clustering term, describ-
ing the modification of the probability by (our estimator for)
the density fluctuation field.
The technique for combined photometric/clustering
redshift inference is thus as follows:
(i) Create a library of phenotypes t, which span the range of
possible feature vectors and window functions that galaxies
can exhibit in the survey. The phenotype library might be
developed, for instance, from the galaxies detected in a deep
subset of the imaging survey. One possible approach is to
discretize the color space of galaxies using a self-organized
map (Masters et al. 2015), in which case the cells of such
map would become our galaxy phenotypes, representing well
localized regions of observed feature space.
(ii) Characterize the window functions p(s |t, θ). If the selec-
tion function is well chosen, then this may be analytically
accessible—for example if s is a sharp flux cutoff, and the
flux measurement is known to have Gaussian errors, then the
selection becomes an error function. Alternatively one can
inject copies of t into the data and empirically determine the
selection rate, as in Suchyta et al. (2016). Then we integrate
MNRAS 000, 1–14 (2018)
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p(s |t, θ) over the survey footprint to get the effective areas
At for each type, and evaluate the Lit = L(Fi, s |t, θi) for each
detection.
(iii) Using the tracer population, develop an overdensity esti-
mator δˆiz at each redshift z and the sky position θi of each
detection.
(iv) Posit a prior p(b) for the clustering biases btz of each phe-
notype relative to the tracer population. In practice, this
prior will need to bound the possible dependence of bias
on redshift and type if we want to avoid the bias-density
degeneracy inherent to clustering information.
(v) Posit a prior p(f ) for the fractions of the galaxy population
in each type/redshift combination. This prior would likely
limit the z’s available for a given t based on astrophysical
knowledge that the colors/features of phenotype t are con-
sistent with a small number of possible redshifts, and/or by
knowledge of the redshifts obtained from spectroscopy of
some small sample from this phenotype.
(vi) Sample from the posterior distribution of f , z , t , and b
defined by Equation (13). From these samples one can con-
struct samples from the posterior distributions of n(z) and/or
the individual redshifts zi as marginalized over type and
bias.
One important caveat to the replacement of the Cox
process with a deterministic density estimator is that the
samples of posterior redshift information that we extract
from this process will not include the variance attributable
to noise in the density estimator, i.e. the shot noise in the
tracer population.
3 DENSITY ESTIMATORS
Clustering redshifts make use of a population of galaxies
with reliably known redshifts, either from spectra or from
highly accurate photo-z’s. The tracer population must have
a known selection function in a given redshift bin so that
meaningful clustering statistics can be produced. The proper
way to use the tracer galaxies would be to define a pheno-
type t = Tz for the tracers in each redshift bin z, and include
them in the full Cox process sampling. For the tracer pheno-
types, we would have fTzz′ = δK (z, z′), and could set bTzz = 1,
normalizing the δz to the fluctuations of the tracers.
But as noted we will instead pull the tracer galaxies out
of the likelihood and use them to produce a deterministic
density estimator δˆz (θ). We can also define our estimator to
yield 〈δˆz〉 = 0 when averaged over the survey footprint.
3.1 Optimal kernel density estimator
We investigate a kernel density estimator (KDE) for δˆz (θ).
We will show here that this yields posterior likelihoods based
on pair counts. Standard methods for correlation redshifts
estimate n(z) using two-point correlation functions, which
are also computed from pair counts, but the standard meth-
ods never attempt to make point estimates of the fluctuation
fields. We will show here and in Appendix A that, in a case
where photometric information (F ) is ignored, the use of an
optimal KDE in our method yields n(z) estimates that are
equivalent to the standard two-point methodologies.
In this section we will drop the subscript z on the as-
sumption that we will treat distinct redshift bins as having
independent mass distributions. With the assumption that
the kernel depends only on the distance θxT between a test
point x and a tracer galaxy T, we have
δˆ(x) = 1
nT
∑
T
K(θxT ) − 1nR
∑
R
K(θxR) (15)
with nT the mean density of tracers, and nR is the mean
density of a population of unclustered random points having
the angular selection function of T . We assume nR  nT
so that the latter term can be considered a deterministic
integral over survey area. We assume that the process for δ is
stationary and isotropic, with known variance σ2 = 〈δ2〉 and
correlation function w(θ12) = 〈δ(θ1)δ(θ2)〉. These conditions
are easily met when using cosmological tracer populations.
We seek a kernel that minimizes the error
〈(δˆ − δ)2〉
while maintaining no bias,
〈
δˆ |δ〉 = δ for any field point. We
can construct this minimum-variance estimator straightfor-
wardly under two conditions:
• The field has a function r(θ) such that 〈δ(θ1)|δ(θ2)〉 =
r(θ12)δ(θ2). It is straightforward to show that if there is
a function r that satisfies this equation, then it must be
r(θ) = w(θ)/σ2 = w(θ)/w(0). For a Gaussian field, the mean
δ(θ1) conditioned on δ(θ2) is indeed linear in δ(θ2).
• The noise in the KDE estimate is dominated by Poisson
shot noise. This holds in the limits of low tracer density or
weak clustering. More generally the variance of correlation
estimators involves sample-variance terms (Bernstein 1994),
but we will ignore this.
In the real cosmological applications, the first condition is
not necessarily true because the density field is non-Gaussian
at the smaller (∼ 10 Mpc) scales where most of the kernel’s
power will be. The Poisson-dominated limit will typically be
attained for tracer populations at the relevant scales. Should
either assumption fail, it merely means that the KDE we
derive here could be non-optimal; it does not invalidate the
approach. Future work will examine these effects with sim-
ulations of the real sky.
When these assumptions are true, the ideal kernel will
minimize
Var
[
δˆ(x)] = 1
nT
∫
2piθ dθ K2(θ) (16)
subject to the constraint∫
2piθ dθ K(θ)r(θ) = 1 (17)
which is optimized by
K(θ) = r(θ)∫
2piθ ′ dθ ′ r2(θ ′) = σ
2 w(θ)∫
2piθ ′ dθ ′ w2(θ ′) (18)
Note that the kernel is unchanged if we rescale the fluc-
tuation field, which rescales w and σ2 by identical factors.
Thus the kernel choice depends only on the shape, not the
amplitude, of w(θ).
Our density estimator at field point x thus becomes
δˆ(x) = σ2
1
nT
∑
T w(θxT ) − 1nR
∑
R w(θxR)
1
nR
∑
R w
2(θxR)
. (19)
We caution the reader that the normalization in the
MNRAS 000, 1–14 (2018)
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denominator of equation (19) yields an unbiased estimator
only when the kernel is chosen to match the true w(θ) for all
θ. There are also practical issues to address with this KDE
when the tracers are sparse and the value of δˆ is not small,
because the (1 + bδˆ) terms in the likelihood can yield non-
physical (and non-mathematical!) probabilities ≤ 0. These
and other complications of the application of this method to
real data will be explored in future work.
3.2 Missing tracers
One practical difficulty with clustering-z estimation has been
that tracers are not available over the full redshift range of
the targets, which leaves n(z) indeterminate in these red-
shift gaps, and makes it impossible to apply a normalization
condition to the derived n(z).
In the HBM method herein, a region of redshift, or of
the sky, where we have no tracers is equivalent to having to
marginalize Equation (11) over the unknown values of δz (θ).
For a single source galaxy, this marginalization is equivalent
to setting δ = 0, since 〈δ〉 = 0 by construction. We there-
fore can proceed by simply setting δiz = 0 in Equation (13)
for the posterior within any angular or redshift gaps in the
tracer coverage. When there are multiple galaxies in such
gaps, marginalizing (11) over δ is not necessarily equivalent
to setting δ = 0 because of the influence of the prior p(δ, piδ)
on correlations between different δiz . But we are already
ignoring such effects by using the estimator δˆ in place of
marginalization over the δ process.
In short, where we do not have tracer information, we
do not try to use it. In these regions, the posterior prob-
ability simply reverts to the photometric-only form. Thus
while our HBM formalism does not eliminate degeneracies
in pure clustering-z inference from gaps in the tracers, it does
admit a combination with photo-z in a principled fashion in
which the photometric data resolves the clustering degenera-
cies to the extent it can. A similar statement can be made
about the bias-density degeneracy inherent to clustering-z
measurements; the HBM does not eliminate this degener-
acy, but does break this degeneracy to the extent possible
by combination of the two methods.
3.3 Relation to standard clustering redshifts
The methods of Newman (2008); Me´nard et al. (2013);
Schmidt et al. (2013) are all predicated on the assumption
that, when both data and tracers are restricted to a redshift
bin z, the cross-correlation wDT (θ) between the data (tar-
gets) and the tracers is related to the tracer auto-correlation
by
wDT (θ) = bzwz (θ). (20)
[In this subsection there is no division of the target sample
into phenotypes.] If this is true, and we consider the density
fields in disjoint bins to be uncorrelated, then the cross-
correlation between the full data sample D and the targets
Tz in bin z becomes
wDTz (θ) = fzbzwz (θ) (21)
⇒ fzbz = wDTz (θ)
wz (θ) (22)
Each angular bin θ can thus provide an estimator for the
quantities qz ≡ fzbz . If we define XYθ as the pair counts
between population X and Y in a bin θ of angular separa-
tion, divided by the densities nX and nY , then a standard
estimator using Equation (22) is
qˆzθ =
DTzθ − DRθ
wz (θ)DRθ . (23)
using the populations data galaxies (D), randoms (R), and
tracers at redshift z (Tz).
All three of the above papers effectively produce a sin-
gle estimator for qz through a weighted sum over the qˆzθ .
[In these papers, the estimation of qz is sometimes described
as doing a least-squares fit of a model to the observed w(θ)
data. When the free model parameter is the overall cluster-
ing amplitude, the least-squares solution can be expressed as
an equivalent weighted sum.] An optimized estimator is eas-
ily derived under the assumption that errors are dominated
by shot noise in the DTz pair counts. The weights are pro-
portional to wz (θ) · DRz and the estimator can be rewritten
as
qˆz =
∑
θ w(θ) (DTzθ − DRθ )∑
θ w
2(θ)DRθ
(24)
=
1
nTz
∑
i∈D, j∈Tz w(θi j ) − 1nR
∑
i∈D, j∈R w(θi j )
1
nR
∑
i∈D, j∈R w2(θi j )
. (25)
It is clear that clustering methods alone can never break
the degeneracy between redshift distributions fz and bias bz .
The similarity between Equation (25) from the clustering-z
methods and the optimal KDE estimator for δˆz in Equa-
tion (19) suggests that these quantities are related. In Ap-
pendix A, we demonstrate that in the limit where the photo-
z’s are uninformative, and the clustering is in the Poisson
limit, that maximization of the posterior using Equation (13)
and the optimal KDE in Equation (19) yields the same re-
sult as the standard 2-point methods. This strongly suggests
that our joint constraint method makes use of all the infor-
mation that is used by the standard clustering-z methods.
Both methods are subject to the same degeneracy between
bz and fz , though our method allows the photo-z informa-
tion to potentially break this degeneracy.
4 SAMPLING AND PRIORS
Now we consider the problem of simultaneously constraining
the redshift and type probability distributions of populations
of galaxies and their individual constituents. It is difficult to
sample all variables simultaneously from the joint posterior
p(f , z , t, b |F, θ) in Equation (11). It is possible, however, to
draw samples from this posterior using a three-step Gibbs
sampler because the conditional posterior distributions can
be sampled. In the simulated data used to illustrate the
method in this paper, we will assume that the biases btz = 1,
i.e. assume that the tracers and targets have the same fluc-
tuations. Sampling of the b will be demonstrated in a future
publication, and hence we will be describing a two-step sam-
pler in this section.
Each iteration of the Gibbs sampler comprises two steps
which are (i) drawing a sample of f from p(f |z , t,F, θ)
and (ii) drawing pairs of zi, ti for each galaxy i from
p(zi, ti |f , Fi, θi) using the newly drawn f . The conditional
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distributions can be read directly from the joint distribu-
tion in Equation (11). We will make the further simplifica-
tion that the effective area At is independent of type and
therefore A(f ) is constant. Next we detail the expressions
used in each of the two steps:
(i) The conditional posterior on f depends on the counts of
sources of z and t (in the last iteration), with N = {Nzt }
where Nzt is the number of sources assigned to redshift z
and phenotype t:
p(f |z , t,F, θ) ∝ p(f )
∏
z,t
f Nztzt . (26)
It also depends on the prior information on f , p(f ). The prior
condition that
∑
fzt = 1, and 0 ≤ fzt ≤ 1, allows us to write
the conditional posterior on f as a Dirichlet distribution,
as we will explore next in §4.1. This allows us to draw a
realization of f that we will use in the next step of the
Gibbs sampler.
(ii) For each galaxy, the posterior for the zi, ti pair conditioned
on f is
p(zi, ti |f , Fi, θi) ∝ Liti ftizi
(
1 + δˆizi
)
(27)
where apart from using the f obtained in the first step of
the sampler (i), we make use of the measurement likelihood
and the clustering terms discussed above. The sampling in
this step (ii) will produce pairs of z, t for each galaxy that
constitute the next realization of N = {Nzt }, to be used in
the step (i) of the next iteration of the Gibbs sampler.
The two-step Gibbs sampler allows us to explore the
joint posterior distribution and hence to get samples of the
redshift distribution of the full galaxy population as well as
the individual redshift probability distributions.
4.1 Introducing a prior
Let us now revisit the conditional posterior distribution on
step (i) of the Gibbs sampling, p(f |z , t,F, θ). Such distribu-
tion depends only on the number counts of z and t pairs for
the sources, so we can write p(f |z , t,F, θ) = p(f |N ). Now we
can use Bayes’ theorem to write the posterior on the distri-
bution parameters f as a likelihood of the binned data given
the f probabilities times a prior on those probabilities:
p(f |N ) ∝ p(N |f )p(f ) (28)
The likelihood of the binned counts N given the probabili-
ties f follows a multinomial distribution:
p(N |f ) = N!
Nz∏
z=1
Nt∏
t=1
f nztzt
nzt !
(29)
The Dirichlet distribution is the conjugate prior of the multi-
nomial distribution. That has the great advantage that if we
choose the prior to follow a Dirichlet distribution, which ap-
propriately fulfills 0 ≤ fzt ≤ 1 and ∑zt fzt = 1, then the
posterior distribution will also be Dirichlet distributed.
In getting the conditional posterior distribution of in-
terest, p(f |N ), we will distinguish between two cases, unin-
formative and informative priors.
4.1.1 Uninformative prior
The Dirichlet distribution corresponding to an uninforma-
tive, uniform prior is:
p(f ) = (NzNt − 1)! δD
(
1 −
∑
zt
fzt
)
Nz∏
z=1
Nt∏
t=1
Θ( fzt ). (30)
Combining with the likelihood in Equation (29), we get the
following posterior:
p(f |N ) = (N + NzNt − 1)! δD
(
1 −
∑
zt
fzt )
)
×
Nz∏
z=1
Nt∏
t=1
Θ( fzt ) f nztzt
nzt !
≡ Dir(N ) (31)
This is a Dirichlet distribution parameterized by the counts
Nzt from the last iteration of the sampler. For brevity, we
will write all subsequent Dirichlet distributions using the
compact form of Equation (31).
4.1.2 Informative prior
Alternatively, an informative prior on the coefficients f may
come from a representative (random) subset of galaxies with
known z, t—e.g. from a complete spectroscopic survey of a
random subsample of targets. If M = {Mzt } are the counts
of this prior sample found at each z, t pair, then the prior
distribution of f follows a Dirichlet distribution with pa-
rameters M , and hence the conditional posterior follows a
Dirichlet on the data counts from the last iteration plus the
prior counts:
p(f |N ) ∼ Dir(N +M ). (32)
In this way, it is very clear how the number of galaxies in
the prior, Mzt , which will be small relative to the number
of galaxies in the full sample, Nzt , will determine the rela-
tive importance of the prior in the HBM. The effect of the
prior will be explored further in the next section, with a
demonstration on simulations.
5 DEMONSTRATION ON SIMULATIONS
We now present a simple simulation of galaxy survey data
and test our methodology by exploring some of its main
features. We adopt simple galaxy properties and noise dis-
tributions as the method can be easily adapted to account
for realistic effects.
In the simulation, we choose to work in a space where
z ∈ [0, 1] with 50 equally spaced bins, and we have 50 dif-
ferent galaxy types, which for convenience will be defined
between 0 and 1 like the redshifts, so that t ∈ [0, 1] and
Nz = Nt = 50. For each redshift bin (or slice) we generate
δz from a Gaussian Random Field (GRF) with a resolu-
tion of 1024x1024 pixels that we will use to define galaxy
positions in a way to simulate galaxy clustering. For every
redshift slice, the fields are drawn from a power spectrum
P(k) ∼ k−3, where k is a given scale in Fourier space, and
they are chosen to be uncorrelated between different red-
shifts. The RMS value of the GRF is around 2.5 for each
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Figure 2. A graphical representation of the clustering present
in the simulation used in this work. The plot shows five random
redshift slices of the simulation, each of them showing the Gaus-
sian Random Field (GRF) δ, in red, and a subset of the galaxies
placed in the slice (a 5% random subset). As explained in the
main text, there are no correlations between δ fields of distinct
slices. The axis in the plot correspond to the 1024x1024 resolution
of the GRFs.
slice, and hence we clip the GRF to maintain non-negative
density. If ρ(x, y, z) = ρ(θ, z) is the value of the field at each
line of sight and redshift, we define the overdensity field as:
δ(θ, z) = ρ(θ, z)
ρ¯(z) − 1, (33)
where the mean field ρ¯(z) is taken, for each redshift slice, over
all the 1024x1024 pixels in it. In reality, a (biased) estimate
of this field can be obtained from a population of tracers
with well-known redshifts, as described in Section 3. For
this demonstration, we will take the field δ(θ, z) as known,
rather than create a tracer population and KDE estimator.
This demonstration will also assume known bias (b = 1) and
perfect detection/selection (p(s) = 1).
The simulation consists of N = 105 galaxies with types t ,
redshifts z , features F and positions θ produced as follows:
• We draw a galaxy type t for each galaxy from the following
distribution:
p(t) ∝ ta exp−(t/t0)a , (34)
with a = 1.5, t0 = 0.3.
• We assign redshifts to these galaxies depending on their
type by using a simple model whereby a given galaxy type
can only span, at most, three possible redshift values:
p(z |t) =

if t = 0
{
0.8 z = t
0.2 z = t + 0.02
if t = 1
{
0.8 z = t
0.2 z = t − 0.02
else
{
0.6 z = t
0.2 z = t ± 0.02
(35)
• We generate an observable feature F for each galaxy using
a very simplified model: Based on each galaxy’s type t, we
create a one-dimensional flux such that the measurement
likelihood is Gaussian with some variance σ2F , as:
p(F |t) = LFt = N(t − F, σ2F ). (36)
• Finally, given each galaxy’s redshift, we draw a position θ
for each of them following:
p(θ |z) ∝ (1 + δ(θ, z)), (37)
where the field δ is taken exactly using the GRF as in Equa-
tion (33).
Figure 2 presents a graphical description of the simulation
described here, showing some example GRFs and galaxies
drawn.
Next we will use this simulation to test the methodol-
ogy described earlier in this paper. In applying the sampling
methods described in Section 4, we will obtain samples of
the full posterior redshift distributions of galaxy populations
and their individual members. These samples can be directly
used in cosmological analyses to propagate the uncertainties
coming from photometric redshift estimation. However, in
analyzing the results, we will also find it useful to define a
simple metric that allows us to easily compare between dif-
ferent cases or variations of the scheme. For that, we com-
pute the difference in the mean between the estimated and
the true redshift distributions, where the former we can com-
pute for each sample j of the redshift distribution coming
from the HBM implementation (or the Dirichlet prior) and
the latter is a fixed quantity:
∆zj =
〈
zest, j
〉 − 〈ztrue〉 . (38)
We will show both the distribution of these ∆zj metric for
the samples j from the posterior, together with the median
and standard deviation of such distributions.
In all the tests performed in this Section, we run the
chains of the Gibbs sampler using 4 different walkers, each
with 2500 samples, for a total of 104 samples per chain, and
require the Gelman & Rubin convergence metric (Gelman
& Rubin 1992) to be R < 1.03 for considering the chain con-
verged. The walkers are initialized at different realizations
of the Dirichlet prior. All the chains run in less than an hour
in a two-core laptop when using a Python implementation.
5.1 Fiducial results
Now we present the results of a fiducial case in which we use
a set of 8 × 104 galaxies from our simulation as our photo-
metric sample (we only know F and θ about these) and a
random subset of 103 galaxies as our prior (for these we know
z and t). In this and other cases, we will use “F” to refer
to analyses that use only photometric (feature) information,
and “F + δ” to refer to the combination of photometric in-
formation with clustering as per Equation (11).
Figure 3 shows the redshift and type distributions of
the simulation together with the recovered distributions ob-
tained with samples of the full posterior distributions, as vi-
olin plots. For the recovered distributions, both the F only
and the F + δ cases are shown. In the two cases, the red-
shift and type distributions of the photometric sample are
effectively recovered, within the uncertainties displayed by
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Figure 3. (Left panel): Redshift posterior distribution, marginalized over type, for the HBM method with and without the inclusion of
clustering in the posterior. (Right panel): Posterior distribution of galaxy type, marginalized over redshift, for the same cases. In both
plots the true distributions of redshift and type, respectively, are shown for comparison with the recovered distributions. Note the strong
effect of the clustering addition in recovering a tighter redshift distribution.
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Figure 4. Distribution of the ∆z metric, the difference between
the mean of the recovered and true redshift distributions, for the
redshift distribution posteriors displayed in Figures 3 and 6. The
effect of the clustering addition is clear again. The constraining
power of the prior is also shown in this plot.
the violins in each case. However, strong differences appear
between the two cases in the magnitude of the uncertain-
ties, especially for the redshift distribution. The observed
features F in the photometric sample are used in the HBM
scheme to tighten the posterior distributions compared to
the prior, but these features F mainly inform the types t
of galaxies, through the likelihood LFt . In contrast, when
adding clustering to HBM, that informs the redshift part of
the problem, and can tighten the redshift distribution pos-
terior significantly, as can be appreciated in the left panel of
Figure 3.
Figure 4 shows the distribution of the ∆z metric com-
puted from the redshift posteriors shown in the left panel
of Figure 3. Again, the addition of clustering to the HBM
method considerably sharpens the recovered ∆z distribution,
without causing any apparent bias. Moreover, this plot in-
cludes the distribution of ∆z from samples of the Dirichlet
prior. The median and standard deviation of the ∆z distri-
butions shown in that Figure can be found in Table 2.
So far we have looked at the sampling of the redshift
and type distributions for the entire population. However,
in the HBM approach we are sampling both the probability
distributions of the populations together with those of their
individual members. In particular, we are sampling the red-
shift probability distribution of each individual galaxy in the
sample. Figure 5 shows the sampling of the redshift proba-
bility distributions of two random galaxies in the sample, for
the HBM method with and without clustering information,
showing the true redshift of the galaxies, for comparison.
We can see how the addition of the clustering information
sharpens the individual redshift probability distributions as
well.
5.1.1 Clustering only up to a given z
The framework for the addition of clustering information in
this work enables the consistent usage of that information
even if it is only available in a part of the redshift range of
interest (see Section 3.2). Here we explore this aspect of the
method by using the exact knowledge of the δ field only in
half the redshift range of the simulation. Figure 6 shows the
redshift distribution posteriors when using the knowledge of
δ in the range z < 0.5. The effect of clustering is apparent
in the lower half of the redshift range, and the posteriors
in the other half appear consistent with the HBM method
without clustering information. More quantitatively, Figure
4 and Table 2 show how the ∆z metrics behave when using
clustering information in only a part of the redshift range,
demonstrating that it significantly helps constraining that
metric over the HBM without clustering case, without being
as constraining as using the clustering information in the
entire redshift range.
5.2 Biases in the prior
So far in this Section we have shown how the method de-
scribed in this work can provide an unbiased sampling of
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Table 2. Median and standard deviation of the ∆z distributions
presented in Figure 4, showing the constraints for the prior and
the HBM runs, with and without clustering information, for the
fiducial case.
Median (∆z) Standard Deviation (∆z)
Fiducial
Prior -0.00356 0.00608
HBM: F 0.00068 0.00235
HBM: F + δ (z < 0.5) 0.00012 0.00022
HBM: F + δ (All z) 0.00003 0.00010
the redshift distribution of a galaxy population when we use
a representative subsample of it as a prior. However, in re-
ality, having a representative galaxy subsample with both
spectroscopy and accurate photometry, so we know z and
t for those galaxies, can be very difficult. For this reason,
we will study how the method is sensitive to biases in the
subsample used for the prior and, especially, if the method
is able to overcome such biases for the estimated distribu-
tions. In the analysis of the possible biases that can plague
our prior sample, we will split the prior expression as in
Equation (3), p(z, t) = p(z |t)p(t) = f tz ft , and we will explore
the effects of biasing the prior separately in ft and f tz , and
then in both simultaneously.
5.2.1 Bias in ft
We first introduce a bias in the ft = p(t) part of the prior.
The p(t) distribution gives the abundance of galaxies in the
different regions of the observed feature space, for instance
it would correspond to the density of galaxies in each cell
of a self-organized map of galaxy colors. In presenting the
details of the simulation, we showed that a type t for each
galaxy is drawn from the p(t) distribution in Equation (34),
with a = 1.5, t0 = 0.3. Now, in order to select galaxies for the
prior, we draw a subset of 1000 galaxies from the simulation
following the distribution in Equation (34), with a = 1.3 and
t0 = 0.25, while keeping the f tz relation as in Equation (35).
Because of the relation between z and t , this bias in ft
produces a bias in redshift, of the order of ∆z . −0.02.
The ∆z constraints for this case coming from the prior
and the HBM method with and without clustering informa-
tion are shown in the upper panel of Figure 7 and in Table 3.
In there, we can clearly see the bias in the prior, and we can
also see how the HBM method, both with and without the
usage of clustering information, is able to correct for that
bias in the derived redshift distribution for the sample. The
F-only analysis reduces redshift bias by 20× in this case, be-
cause the bias is due to a mis-estimate of the distribution
of galaxy phenotypes, which can be corrected with photom-
etry from the full sample of sources, even if the photometry
is noisy.
5.2.2 Bias in f tz
We introduce a bias in the f tz = p(z |t) part of the prior, which
tells us about the relation between galaxy types (or observed
features) and redshift, which is known as the color-redshift
relation if we are only using galaxy colors as features. We
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Redshift
0
2000
4000
6000
8000
S
am
p
le
s
F
F + δ
Figure 5. Posterior redshift probability distributions for two ran-
dom galaxies in the sample, at redshifts z = 0.39 and z = 0.67
(dotted lines), using the HBM with and without clustering infor-
mation. The addition of clustering can significantly sharpen the
redshift posteriors of individual galaxies as well as that of the full
population n(z).
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Figure 6. Redshift posterior distribution, marginalized over type,
for the HBM method and the addition of clustering to it. Here we
can see that the method works properly when density information
is available for only half of the redshift range (z < 0.5), with
the expected result that the posterior at redshifts with z > 0.5
resembles the photometry-only case.
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Table 3. Median and standard deviation of the ∆z distributions
presented in Figure 7, showing the constraints for the prior and
the HBM runs, with and without clustering information, for the
cases with biases in the prior.
Median (∆z) Standard Deviation (∆z)
Bias in ft
Prior -0.02644 0.00614
HBM: F -0.00132 0.00181
HBM: F + δ (z < 0.5) 0.00015 0.00024
HBM: F + δ (All z) -0.00010 0.00009
Bias in f tz
Prior -0.00632 0.00628
HBM: F -0.00493 0.00338
HBM: F + δ (z < 0.5) -0.00061 0.00021
HBM: F + δ (All z) -0.00024 0.00010
Bias in ft & f
t
z
Prior -0.03083 0.00623
HBM: F -0.00496 0.00124
HBM: F + δ (z < 0.5) -0.00094 0.00020
HBM: F + δ (All z) -0.00026 0.00010
randomly draw galaxies from the simulation to be treated as
“spectroscopic,” and for a spectroscopic source of type t, we
assign a redshift with a biased modification of the relation
in Equation (35):
p(z |t) =

if t = 0
{
0.85 z = t
0.15 z = t + 0.02
if t = 1
{
0.75 z = t
0.25 z = t − 0.02
else

0.5 z = t − 0.02
0.4 z = t
0.1 z = t + 0.02
(39)
The bias in this relation produces a shift in the mean redshift
of the spectroscopic prior, ∆z ∼ −0.005. The ∆z constraints
for this case coming from the sampling of the prior and the
HBM method, with and without clustering information, are
presented in the middle panel of Figure 7 and in Table 3. In
this case, the HBM method without clustering information
is unable to correct for the bias in the prior, as the observed
features of the galaxies in the sample do not inform the f tz ’s,
only the ft ’s, which are unbiased in this case. Without the
usage of clustering information, the color-redshift part of the
problem is only informed by the prior. However, when using
clustering in the HBM, we are adding direct information
about redshift, and hence the method is able to significantly
reduce the redshift biases in the prior.
5.2.3 Bias in ft and f tz
Now we combine the two types of biases analyzed before in a
more realistic case where the prior is biased in both the type-
redshift relation and the abundance of the different galaxy
types, in the same way we introduced each of such biases
above. The results are shown in the lower panel of Figure 7
and in Table 3. Again, the HBM method without clustering
information is able to correct the bias coming from the prior
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Figure 7. Distribution of the ∆z metric for the redshift distri-
bution posteriors coming from the prior and the HBM methods,
with and without using clustering information, in the presence
of biases in the prior: bias in ft (upper), bias in f
t
z (center), and
bias in both ft and f
t
z (lower). One can see how the HBM method
without clustering information can correct biases in the ft part
of the prior, but biases in the f tz part can only be corrected by
adding clustering information.
MNRAS 000, 1–14 (2018)
12 Sa´nchez & Bernstein
having a different galaxy type distribution, but is unable to
correct for a wrong type-redshift relation in the prior. On
the other hand, the addition of clustering allows the HBM
method to significantly reduce biases coming from the prior,
as it is using the galaxy sample observed features to inform
the galaxy type distribution and the clustering information
to inform the redshift part.
6 CONCLUSIONS
There are three main sources of information for estimating
the redshift probability distributions of galaxies and ensem-
bles of galaxies in a wide-field survey. First, we have prior
information, which comes from a subset of galaxies, typically
spanning a smaller area in the sky, for which we have both re-
liable redshift estimates and precise photometry. Then, using
all the galaxies in the wide-field sample, there exist methods
for estimating those distributions from either the photome-
try of such galaxies or the clustering of them against a tracer
population with precise and well-characterized redshift esti-
mates, which overlaps with the wide-field sample in the sky.
However, one encounters important complications when try-
ing to combine the independent answers from these last two
approaches, since, for instance, the tracer population used in
clustering methods typically only covers a subset of the red-
shift range of interest, and hence so do the derived redshift
distributions. Also, it is very important to correctly prop-
agate the uncertainties due to the limited size of the prior
sample compared to the full population into the inference.
The method presented in this paper is the first to com-
bine these three sources of information in a unified and
consistent scheme, using all the information available. The
method consists of a hierarchical Bayesian model which al-
lows us to sample both the redshift distribution of a galaxy
sample and the individual redshifts of galaxies therein. It can
be seen as a generalization of the approach in Leistedt et al.
(2016) to include clustering information as well as an infor-
mative prior. In the case where one marginalizes over the
latent density fields δ, the method gives a rigorous posterior
probability for the redshift distribution n(z), as well as indi-
vidual zi ’s, if the galaxies are a Poisson sampling of a density
field with known statistical properties. The approximation
that we make here to enable a straightforward sampling pro-
cess is that the stochastic density field can be perfectly es-
timated from a kernel density estimator using the positions
of a tracer population. In the limit of weak photometric in-
formation and weak clustering, the maximum-posterior n(z)
estimator is shown to be equivalent to standard clustering-z
methods using 2-point correlation functions. With the KDE
approximation, the posterior n(z) from our HBM no longer
fully samples the effects of shot noise in the tracer popula-
tion; this will be addressed in future improvements.
This paper’s simple simulation, which is given knowl-
edge of the true density field, demonstrates the benefits of
adding clustering information into the photometric redshift
estimation. This inclusion not only sharpens the posterior
redshift probability distributions of galaxies and populations
of galaxies but, more importantly, it can overcome biases in
the prior which are not possible to resolve when only us-
ing galaxy photometry. That demonstrates the advantages
of the combination of clustering and photometry into the
same inference, where the usage of the two techniques sep-
arately would yield different answers which would be hard
to combine or result in a failed validation cross-check. We
also show how clustering information can be naturally used
even if it is only available for a subset of the redshift range
of interest, without producing any additional biases.
The methodology described herein does not resolve red-
shift degeneracies that are intrinsic to the photometric and
clustering methods: for photo-z’s, there remains the possi-
bility that the map of colors to redshifts is non-unique, i.e.
galaxies at distinct z can have identical features F. For clus-
tering, it remains true that the redshift dependence of bias
b(z) is degenerate with the redshift distribution. Our method
does, however, exploit any cases in which one method might
resolve the degeneracies of the other—for instance if the pho-
tometric features of some galaxy type t restrict p(z |t) to a
small enough range of z that variation in bt (z) can be as-
sumed to be fairly small. The success of this method in pro-
ducing n(z) to the accuracy desired for large cosmological
surveys will therefore still depend on the details of the sur-
vey and the galaxy population; but we now have a means to
harness all of the available information.
One of the attractive aspects of the hierarchical
Bayesian model for photometric redshift estimation is that
the sampling of the posterior distribution of n(z) for the
galaxy population allows us to correctly propagate the un-
certainties in the estimation of that distribution into cosmo-
logical analyses of galaxy clustering and weak gravitational
lensing. The model can also be extended to correct for other
observational effects, such as the calibration of photometric
zero points (Leistedt et al. 2018), and can trivially accom-
modate more complicated noise likelihood functions. Finally,
the method presented here can eventually be incorporated
as part of a fully Bayesian analysis of galaxy surveys, which
would use all the available information to reconstruct the
matter density field (Jasche & Kitaura 2010; Jasche & Wan-
delt 2013).
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APPENDIX A: EQUIVALENCE TO
CORRELATION-FUNCTION METHODS
Consider the case when there is no photometric informa-
tion available on our detected galaxies, 100% selection rate,
and the window function is independent of redshift so that
A(f ) becomes some constant value A. Equation (13) for the
posterior reduces to
p(f , z , b |θ) ∝ p(f )
∏
i
fzi (1 + bzi δˆizi ). (A1)
If we marginalize over z we obtain
p(f , b |θ) ∝
∑
z
p(f , z , b |θ) (A2)
∝ p(f )
∏
i
[∑
z
fz
(
1 + bz δˆiz
)]
(A3)
= p(f )
∏
i
[
1 +
∑
z
fzbz δˆiz
]
, (A4)
δˆiz ≡ δˆz (θi). (A5)
A minimal prior is that the redshift distribution fractions fz
must be non-negative and sum to unity. In this case we can
effectively drop p(f ) from this equation, and we find that
the posterior probability depends only upon the quantities
qz ≡ fzbz, i.e. we recover the degeneracy between bias and
n(z) that is well known for pure clustering redshifts. The log
of the posterior is now
log P(f , b |θ) =
∑
i
log
[
1 +
∑
z
qz δˆiz
]
+ const. (A6)
We seek the estimated values qˆz which maximize this quan-
tity. Writing the estimated projected density along θi as
yi ≡ ∑z qˆz δˆz (θi), the condition for posterior maximization
at {qˆz } is the set of simultaneous equations
0 =
∂
∂qˆz
∑
i
log(1 + yi) (A7)
=
∑
i
δˆiz
1 + yi
. (A8)
We examine the limit |yi |  1, when the projected mass
fluctuations are weak. Note that this does not require the
spatial fluctuations δ to be weak. The solution becomes
0 =
∑
i
[
δˆiz (1 − yi + y2i − . . .)
]
(A9)
≈
∑
i
δˆiz −
∑
z′
qz′
∑
i
δˆiz δˆiz′ +
∑
z′,z′′
qz′qz′′
∑
i
δˆiz δˆiz′ δˆiz′′
(A10)
≈ S1z − qzS2z + q2zS3z, (A11)
where we have defined
Snz =
∑
i
δˆniz . (A12)
In going from (A10) to (A11) we have simplified a matrix
equation to a series of linear equations by assuming that
the independence of the density fields in distinct bins drives
terms like
∑
i δˆiz δˆiz′ to zero unless z = z′.
If we make the approximation that the density fluctua-
tions δˆ are weak or symmetric in the sense that S3zS1z  S22z ,
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then the posterior is maximized at values qˆz solving Equa-
tion (A11):
qˆz ≈ S1zS2z
(
1 +
S3zS1z
S22z
)
. (A13)
At this point is it useful to calculate the expectation
value of Snz under Poisson sampling of the density fields δˆz :
〈Snz〉 =
∫
d2θ
{
n
∑
z′
fz′
[
1 + bz′ δˆz′(θ)
]
δˆz (θ)n
}
(A14)
= nA
(
µnz + fz µ(n+1)z
)
, (A15)
where n is the mean source density, A is the survey area, and
we use the central moments of the density estimators
µnz ≡
〈
δˆnz (θ)
〉
θ . (A16)
We have µ1z = 0 and µ2z = σˆ2z , the variance of the density
estimator.
At this point we will make an approximation that the
clustering is weak, σz < 1, and that the central moments of
the field satisfy µnz . σnz , so that we can retain only leading
terms in δ. In this limit we can approximate the denominator
in Equation (A13) by its expectation value, 〈S2z〉 = nA(σ2z +
fz µ3z ) ≈ nAσ2z . It can be shown that the correction term in
parentheses in Equation (A13) will cancel the influence of
the µ3z term to first order. We therefore arrive at a very
simplified estimate of the maximum posterior solution qˆz :
qˆz ≈ 1
σ2z
∑
i
δˆiz (A17)
=
1
ND
∑
i∈D
1
nTz
∑
j∈Tz wz (θi j ) − 1nR
∑
j∈R wz (θiR)
1
nR
∑
j∈R w2z (θi j )
(A18)
≈
1
nTz
∑
i∈D, j∈Tz wz (θi j ) − 1nR
∑
i∈D, j∈R wz (θiR)
1
nR
∑
i∈D, j∈R w2z (θi j )
. (A19)
Equation (A18) makes use of the KDE for δˆ from Equa-
tion (19). In the final line we approximated that the de-
nominator of (19) is nearly constant for all galaxies i in
the data sample D. The sets D,Tz, and R are the target
galaxies (data), the tracer population in redshift shell z,
and a randomly distributed sample, respectively. The re-
sultant maximum-posterior estimate for qz is seen to be the
same, under these weak-field approximations, as the Poisson-
limited optimal estimator for qz from using two-point func-
tions, Equation (25).
This demonstrates that in the weak-field, no-
photometry limit, our posterior probability has a max-
imum at the same value for q = f b as the stan-
dard correlation-function-based clustering-z methodology.
We have not demonstrated, however, that the variances of
the two estimators coincide. Nonetheless the equivalence of
the maximum-posterior estimator to the standard 2-point
estimator demonstrates that the latter is a limiting case of
our method, and we can expect our principled approach to
the n(z) posterior to incorporate all the information of the 2-
point functions—especially if one can truly marginalize over
the density fields.
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